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Two iterative schemes are proposed for numerically solving an eigenvalue problem for a
large system of integrodifferential equations arising from the three-body problem with
Coulomb interaction in quantum mechanics. The iterative corrections are determined by
solving a set of well-conditioned boundary problems for a system of differential equations.

1. INTRODUCTION

The quantum mechanical three-body problem with Coulomb interaction has a
number of important physical applications. For instance, this system is used as a
model for the description of uy-atomic and u-mesic molecular processes in hydrogen
isotope mixtures |1, 2}.

The values of the total energy ¢,, and the wave functions ¥(r, R) of different states
| nt) of u-mesic molecules are found from the Schrédinger equation in six-dimensional
space (r, R) [3-5],

(H—¢,,) ¥, (r, R) = 0. (1.1)

Here R is the vector connecting the nuclei of mesic molecules @ and b with the
masses M, and M, (M, > M,) and r is the vector connecting the midpoint of R and
4~ -meson with the mass m,. The quantities r, and r, are the distances from nuclei a
and b to the g~ -meson. Quantum numbers n and 7 specify the motion of the u~-
meson (n) in a mesic molecule and the relative motion of nuclei (r). We shall
consider the energy levels of mesic molecules that correspond to the ground state
n = 0. For such states with » =0 and a given parity, the wave function depends only
on quantum numbers 7 = (J, §), where J and @ are the rotation and vibration quantum
numbers, respectively. In the units e=#=1 the operator H has the form
H=T,+h, + 1/R,
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At present there are two well-known methods for the numerical solution of
Eq. (1.1), namely, variational [4, 5] and adiabatic [3].

Variational calculations have been used to obtain values of the binding energy of
the ground state and of some excited states of u-mesic molecules. These calculations
are cumbersome and are not always effective in determining the energy levels of
weakly bound excited states, unless a proper choice of basic functions is made.

New experimental measurements of formation rates of mesic molecules stimulate
new interest in high accuracy calculations of energy levels and wave functions of
weakly bound excited states of g-mesic molecules. Based on an assumption about the
existence of energy levels of weakly bound excited states of mesic molecules, a
theoretical prediction of resonance dependence of formation rates of mesic molecuies
ddu and diu [6] on temperature can be made, which is in agreement with experiments
[7, 8]. Although variational calculations were not of much help in computational
schemes the adiabatic approach allows one to calculate energy levels of all bound
states of g-mesic molecules and to determine the weakly bound excited states of mesic
molecules ddu and dtu. The results obtained are in good agreement with the
variational calculations when the latter are carried out carefully [9]. Progress in the
creation of numerical schemes for the solution of Eq. (1.1) utilizing the adiabatic
method is closely related to the development of effective algorithms for the numerical
solution of the quantum-mechanical problem of two Coulomb centers [10, 11].

The adiabatic representation of the three-body problem with Coulomb interaction
is based on the expansion of the wave function ¥ (r, R) of Eq. (1.1) over the set of
wave functions of the two-center problem [3, 9],

¥(r. R) =2 4, R) 1(R) + X | 4,(r. ks R) x,(k, R) dk. (1.3)

Substitution of this expression in Eq. (1.1) and subsequent integrations over the coor-
dinates of vector r and angular variables of vector R leads to an infinite system of
integrodifferential equations (m,=1) [9],

a  JJ+1)-2m* 2M .
[dRz - ( R)Z _T+2M6J6]IXI(R)

S @@ R - S [ s R R) k=0,

i JU+)-2m’ 2M ;
[dRZ‘( R)z _T+2M6J9]115(k’R)

(1.4)

=Y 4, R R = X [l k', R) gk, R) dk =0,
j=1 s'=1
with the boundary conditions,

x0)= Rlim xiR)=0, xs(k, 0) = Rlim Xk, R)=0, (L.5)
— 00 iadee
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for the radial wave functions from which the values of binding energy levels can be
determined. Here m is the magnetic quantum number.
The system of Egs. (1.4) is given in the “two-component form,”

= (5 $)re= (). wem= ()

The coefficients of Eqgs. (1.4) represent 2 X 2 dimensional matrices, for instance,

4,(R) = ( UigiaR)  Ugp(R) ) ,
Uipja(R)  Uppp(R)

where the components are matrix elements [12] for the two Coulomb centers

problem. Asymptotic properties as R - 0 and R — oo have been investigated [13], for

example, as R - o0, u#,,,,(R)— 0. Here we consider the general case of M,+ M,.

For identical nuclei, one can use the one-component notation, since [3],

Uigja(R) = Uspjp(R), Uiqjp(R) = pjo(R) = 0.
Formulae (1.4), (1.5) can be written symbolically as
[D® + S®]y =4y, (1.6)

where D® is the differential operator determined on the semiaxis 0 < R < co, and §%
is the integral operator on the semiaxis 0 < k < 00, 1 = —2Me,,.

In developing algorithms and programs for the numerical solution of the system
(1.4), one should take into account the specific properties of the adiabatic represen-
tation. These characteristics are:

(i) The effective potentials of the system of Egs. (1.4) have long-range
characters, i.c., slowly reach the asymptotes as R - oo [13].

(ii) Numerical analysis of the convergence of the expansion (1.3) leads to a
solution of sequences of finite systems of Egs. (1.4), a number which can be large.

(ili) The effective potentials of the system of a finite number of Eqgs. (1.4) are
given as tables for a large number of nodes.

(iv) The energy levels of weakly bound excited states of mesic molecules are of
an order of 107° of the depth of the effective potentials.

This paper describes two computational Schemes A and B for the solution of the
local spectral problem for the system (1.4) containing a finite number of equations,
and analysis of the convergence of expansion (1.3). The schemes depend on the
neglect of different elements in the potential matrix (1.4). The peculiarities of these
schemes are demonstrated by the calculation of the energy levels of mesic molecules
pdu and ddu, both of the ground states and excited states. The spectrum of the mesic
molecule ddu includes a weakly bound level (J = 8 = 1) with binding energy of about
2 eV (the depth of the effective potential well is about 600 eV).
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2. APPROXIMATION OF THE SINGULAR SPECTRAL PROBLEM (1.4), (1.5)

Numerical analysis of the convergence of expansion (1.3) is reduced to the solution
of system (1.4) with boundary conditions (1.5), in which indices i and s take the
values 1,2,..,N;, and 1,2,.,N,, respectively, for different values of {N,, N .
Therefore, for each given pair the singular Sturm—Liouville problem should be solved
for the system of integrodifferential equations in the range O R < oo and
0 < k < 0. An approximate solution can, however, only be obtained in the rectangle
O0<R<LKR,, 0<k<k,. A semidiscrete representation of the problem (1.4), (1.5) on
a chosen net of nodes with respect to k; {k,} is obtained by approximating the
integrals over k in the system of Eqgs. (1.4) by the quadrature formula, | ’,jg' Sfk)dk -
YNk f(k,) Pk,) dk,. As a result, we get the following system of differential
equations:

& JJ+1)-2m* 2M
drR? R? R

24 M | k)

N Ns Ny
- > R R)— > X diylk,, R) P(k,) dkox(k,, R) =0,
j=1 s=1 a=1 @.1)

& JJU+1)—2m* 2M
[dRZ_( R)z *T“LZMG’”]]Xs(k“’R)

N;

- Z ﬁsj(kaa R)XJ(R)

i=1.

N, N
- Z Z s (Ko kos R) P(k,) Pk,) Ak, Akg yi(k,, R) =0.

Here 4k, is the node step with respect to k, and P(k,) is the weight of the quadrature
formula. Simpson’s rule of accuracy O(4k%) has been used in the calculations. In
matrix notation for brevity the indices (7, §) will be omitted,

[(di:z + 2M8) I—- U(R)] x(R) =0, (2.2)
where
)= (guiay o)

Here U%(R) is the matrix of the potentials,

JU + 1) —2m? 2M}

U%(R) = [ e d; I+ 4,(R)
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connecting the discrete spectrum states of the two-center problem, and U%(R) and
UY(R) are the matrices of the potentials connecting the states of the discrete and
continuous spectra of the two-center problem,

U%(R) = dy(ko, R) P(k,) Ak, U(R) = iy(ky R).

The matrix U°(R) connects the states of the continuous spectrum of the two-center
problem,

JJ+ 1) —2m* 2M ,
— R +TJ g5 O pad

+ ﬁss’(kan kz’z’ R)P(ka) P(k;) Aka Ak;

0@ = |

The boundary conditions (1.5) are replaced by

d . 4
10=0, | e+ Fe R | 2R =0 23)
which makes the vector function x(R) bounded for 0 < R < oo and allow one to take
into account the asymptotics of the wave functions as R — o0. Such a substitution
also brings in an error in the solution, which can be estimated by comparing the
solutions for different values of R,,.

3. STATEMENT OF THE PROBLEM

After these approximations it is necessary to find the solution of the regular
Sturm-Liouville problem for the system 2N =2(N;+ N, X N,) of second-order
differential equations (2.2) with boundary conditions (2.3) on the interval [0, R,,].
Note that an error in the solution {e*, x*} of the approximate problem (2.2), (2.3)
depends on the number of equations 2N, the upper limit of integration k,,, net step
with respect to k — 4k, and the boundary point of the interval [0, R, ] — R,, under
consideration.

Consider two computational schemes for the matrices of the coefficients, a special
form of system (2.2) (see Fig. 1). In the first case the matrix of the potentials U%(R)
are completely filled, U%(R) and U°*(R) contain just one row, and U(R) just the
diagonal. In the second case the matrix U(R) contains the first row, the first column,
and the diagonal, and all other elements are zero. Each element of U(R) is a 2 X 2
matrix with dimension 2N X 2N.

4. THE ITERATION METHOD OF SOLUTION

Problem (2.2), (2.3) is treated as a nonlinear functional equation,

0(2)=0, o=(p" 0" 0,0, (4.1)
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with respect to the pair Z=(4,x)ER X C*[0,R,], (A=-2Me), where the
components ¢ are determined as follows:

qwax)E[é%;i—ai+0m»]xm)=o, (4.1a)
P4, x)=x(0)=0, (4.1b)
o) = | 2 T+ R | 1) =0 (@.19)

The fourth component is the normalization condition of the wave functions y(R),

oA =0Lx)—1=0. (4.1d)
Here

(=Y [ U +ab(R)] dR.

Suppose that a simple localized solution of Eq.(4.1) Z = (1%, x*) exists and the
initial approximation Z, = (4., %,) to this solution is known.

To solve the functional equation ¢(Z)=0, apply the continuous analog of
Newton’s method [14-16]. For the continuous parameter 0 < < oo the following
relations are valid:

0'(ZWNZ'O)=—9(Z1®), Z(0)=Z,. (4.2)

Here ¢’ is a Frechet derivative of the operator ¢, and Z'(¢f)= (A'(¢), %' (¢)) =
(u(?), V(t))- This approach is referred to as the invariant imbedding method [16]. In
[15] it is shown that the smoothness of the operator ¢ in the vicinity of an unknown
isolated solution Z* leads to the asymptotic relation

lim 2% — Z()]| =0. 43)
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The evolution equation (4.2) is solved by the Euler method. The semiaxis 0 <<
is divided by nodes ¢, (k =0, 1,...) with step 7,

L1 =4t Ty
The process of solving Eq. (4.2) may be considered as the iteration process of solving

Eq. (4.1).
At each step number k, (¢ =1,) the linear problem,

0Z)AZ = —p(Z,), (4.4)

is solved with respect to the iteration correction 4Z, = (A'(t,), x'(t)) = (s> Vi)
under the known approximation Z, to the desired solution. Then a new approx-
imation Z, ., = (A, 1, %z 1) is found,

Zi 1 =Zy+ 1 A2 = (A + Tty X+ T Vi 4.5)

if step 7, is defined. For 1, =1 we have the Newton method. In the vicinity of the
desired solution, the method provides a minimum for [17],

o =loZll

Choose 7, so that this property is fulfilled at each step.
The operator ¢ for Eq. (4.1) can be separated into two main components

(-4 ”‘) , (4.6)

o) = ((X’ o

where D is the differential operator (4.1a) including the boundary conditions (4.1b)
and (4.1c). Equation (4.4) with respect to the iteration corrections (y,, V,) is the
system of equations,

(D— 'lki)vk — e =—(D _'{kf))(k’

4.7)
20 Vi) = 1 — Qs Xu)-

The inverse operator [¢/(Z,)]~' for this system exists [18] and is bounded in the
vicinity of the solution Z*. To simplify the solution of the system (4.7) let

Vo= =i + MV (4.8)

where v, is the solution of the boundary problem

(D — M D)yvi=—x- (4.9a)
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Solving this problem and substituting an expression for V, (4.8) with an unknown g,
into the second equation of the system (4.7), produces

I+ o i)

2 v (490)

Formulae (4.9) and (4.5) correspond at 7, = 1 to an inverse iteration method [19].
As A, - A*, where A* is a point of the spectrum of operator D, we are faced with the
ill-conditioned problem (4.9a). To avoid the construction of special algorithms for its
solution, consider the well-known modification of the Newton process,

9'(Zo) 42 =—9(Z)), (4.10)

k=0,1,.., Z, is the given element. Now instead of formulae (4.8), (4.9), we have

(D — Aoy vo=—%o, (4.11a)

(D — Ao D) wi=—(D — 4 0) a4 (4.11b)
1 — Qo Xi) — 20005 W)

!1 = N 4.11C

“ 2(x05 80) ( )

Ve=w,+u4,v,. (4.11d)

The ill-conditioned problem (4.9a) is replaced by two boundary problems (4.11a)
and (4.11b) with a nondegenerate operator (D — 4,/)". Equation (4.11a) is solved
only once on the first step of the iteration process (4.11) at 4, 1*. Computation
time is drastically reduced particularly. Deceleration of convergence in contrast with
the classical Newton process (4.8), (4.9) can be compensated by choosing a good
initial approximation.

5. SOLUTION OF THE BOUNDARY PROBLEM FOR THE ITERATION CORRECTION

The most complicated part in the numerical solution of the iteration process (4.11)
is due to the boundary problem (4.11a), (4.11b). Consider problem (4.11a) in a form
analogous to (2.2). The index k = 0 is omitted,

(D — Al =, (5.1)
where
_ (D™R) D*QR)\ _ ((d*/dR*)[—U"(R) —0*(R)
b= (D“’(R) D“(R)) N ( —U°(R) (@*/dR?) [ — f]“(R)) + (52)

and 0<R<R,. For R=0 and R =R,, the operator is represented by formulae
(2.3).
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In solving the given large system of differential equations*, it is advantageous to
use specific properties of the problem, the vacuity of the matrix of the coefficients of
the system (5.1) (see Fig.1); a low-accuracy iteration correction to the sought
solution v is acceptable. Convergence of the Newton process (4.10) in this case
requires a relative accuracy of about 10~' [20] when calculating v.

Consider two computational schemes for soiving the equations for the iteration
corrections.

Scheme A. The matrix D% is completely filled. Use the representation (5.2) for
the operator D and rewrite Eq. (5.1) in the form

(Ddd _ AI‘) vd - _xd _ Ddcvc’

(5.3)
(Dcc _ }j) ve = _xc _ DCdvd,

where

]

To solve Eq. (5.3) use the method of successive approximations. For the first step
(I=1) assume v =0 and solve the boundary problem

(D% — Al v = —x“. (5.4)

Substitute the solution v in the right-hand side of the second matrix equation of (5.3)
and solve the boundary problem

(D¢ — Ay v¢ = —x¢ — D47, (5.5

Having found v° repeat the solution of Egs. (5.4), (5.5) with the right-hand side of the
first matrix equation (5.3) containing v{_,.

The iteration process (with respect to /) for solving the problem (5.1) is described
by the equations,

(D% — Ay vi =~y = D*v;_,

(D¢ — AD) vé = —y¢ — D4, G-72)

Convergence of the iteration process (5.7a) is investigated numerically. Equation

(4.11a) is solved only once at k=0. An analogous “inner” iteration process is

constructed at each step of the “outer” Newton process (4.10) and for the solution of
the boundary problem (4.11b).

Problem (5.4) is solved numerically by the method of finite differences. Approx-

imation of the operator D with accuracy of order O(h?) (h is the step of the difference

*1t is shown below that to achieve the required accuracy, one should solve a system of about 300
equations.
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net) and an alternating implicit matrix algorithm are used [21]. The numerical
algorithm is easily obtained, since system (5.5) consists of N, X N, independent
matrix equations (see Fig. 1) (i =N, + 1,..., N),

b‘% f— (i + U5 R) J ViR = (R + X UFRVIR).  (56)

Scheme B. In matrix D the diagonal, the first row, and first column are assumed
to be nonzero.

Numerical investigations show that replacing the matrix of effective potentials
(2.2) by a matrix of a special type (see Fig. 1),

0II(R) OIZ(R) 013(R) OIN(R)
0,®R) U,®) 0 - 0

OR)= U,®) 0 Uy@®R) - 0 , (5.8)
Ou® 0 0 - Ou®)

determines eigenvalues which differ slightly from the true eigenvalues of the original
problem (2.2) [9]. This allows one to modify the described computational scheme for
special matrices (5.8) by treating the problem as a possible adiabatic representation
of the original problem (1.1). This modification leads to the construction of an
iteration procedure for solving the boundary problems,

N
Dy, —AD)vy=—x — > Dyvyys Vip=0i=2,3..., N,
i=1 (5.7b)
(Dii*'u‘) Vy=—%—Duyvy,

that corresponds to the matrix structure (5.8). The numerical procedure of the
iteration process (5.7b) is analogous to that of (5.7a). The correction 4, is determined
numerically by approximating the integrals in formula (4.11c) with Simpson’s rule
using the modes of the difference net.

6. SOME DETAILS OF THE COMPUTATIONAL PROCEDURE

The computational schemes under consideration are programmed in FORTRAN
for a CDC-6500 computer. The programs will calculate energy levels of mesic
molecules and their wave functions [9] using boundary conditions x(0) = x(R,,) = 0.
Numerical investigations have shown fast convergence of “inner” iteration processes
(5.7). A relative accuracy of the calculation of the iteration corrections v,, w, ~ 1072
is achieved per two to three iterations with respect to computational Scheme A. The
convergence of iterations (5.7b) is somewhat slower (/,,,~ 3—4). Computational
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Scheme B is simpler and reduces computational time by a factor of five in contrast
with Schema A. Convergence of the Newton process (4.11) is checked by the
decrease in the quantity,

Ok = m’?.x I(Dy— 'lhkj) X (R)ls (6.1)

where D, is the finite-difference approximation of the differential operator D (5.2)
and i is the number of the node of the difference net.

In solving the boundary value problems (5.7) by the matrix implicit alternating
direction method, only three neighboring mesh points R, — A, R;, R, + h [21] are
required. This minimizes computer storage containing potentials U(R,) with only
three neighbouring nodes of the difference network in R being required while other
values are stored on tape. This structure makes it possible to increase the number of
mesh points without increasing the computer storage size occupied by the routine.

In Table I some quantities characterising the convergence of the computational
scheme (4.11) are presented. The Newton process converges in three to five iterations.
The time of one iteration by Scheme B ~2 min, the number of equations to be solved
~300, and the number of mesh points ~300. An initial condition for the iterations
uses the “two-level approximation™ of the adiabatic representation (two equations in
the system (2.2)) [22]. Step 7, in the initial approximation is determined from the
condition of minimum of the quantity (6.1) allowing extended range of convergence
of the method. With increasing N put 7 equal to 1 (Newton method).

Briefly, consider errors in the numerical solution of (1.6), where the matrix
structure of coefficients of the system (1.4) is given. Errors, both of the approx-
imation (see Introduction) and of the numerical solution of Egs. (2.2), (2.3), are
included.

If the difference nodes for Egs. (4.11a)-(4.11c) are fixed, the iteration process

TABLE 1

Convergence of the Computer Scheme

Mesic Molecule k Oy —eX,(eV) Ay
ddu 0 0.48 2.50 .0.880 x 1072
J=0=1 5 0.14 x 10~° 1.91 0.671x 1072

pdu 0 0.18 225.00 0.52826

J=0=0 3 04x1077 221.52 0.52010

Note. Here k is the iteration number of the computational process, &, is determined by formula
(6.1), €}, is the level of energy of the mesic molecule on the kth step, 4, = —2Me%, is the eigenvalue in
the units of the problem (m, =% =e=1). The calculations are performed by the Scheme B at %(0) =
x(R,)=0, R, =60, N=84 for pdu, and N = 131 for ddu. As the wave functions of the initial approx-
imation (k = 0) we have used the wave functions which have been obtained while solving the first two
equations (one equation for ddu) in the system (2.2).
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(4.11), (4.5) in the vicinity of a sought solution at 7, =1 can be considered as a
modified Newton method for solving the nonlinear system of algebraic equations,

Dyxn— Ankn

P2 = ( tns 2) — 1

) =0, Z,= Ayl 62)

approximating Egs. (2.2), (2.3) with accuracy of order O(h?). That system (6.2) has
a solution for the Hermitian operator with boundary condition (4.1c) which is A-
independent, follows from [23]. How accurately the problem (6.2) is solved by the
modified Newton method can be seen from the estimate achieved in the course of
iterations of the quantity d, (6.1), where K is the number of iterations and ().,
X.x) = 1. For the convergence of iterations the estimate [18],

1Z5 = Zukll < €1 b, (6.3)

is valid, where Z} is a solution of Eq. (6.2). According to [14] the eigenvalue A}
satisfies

|47 — Akl <20, (6.4)

where ¢,, ¢, = const. > 0.

For the chosen difference scheme with approximation order O(h?) convergence of
the difference solution {1}, x;} to solution {1*, x*} of Egs. (2.2), (2.3) is quadratic
in & [24], ie.,

|Z*—Z¥| <c,h?,  ¢;=const. > 0. (6.5)
Therefore,

4% = Al +lx* = daxll =12% = Zygll <calOx +87), €,>0. (6.6)

For d; < h?, the main error is generated by the difference approximation.

A contribution to the error of the approximation of Eq. (1.6) comes from the error
o(K,,) caused by replacing the infinite integration interval k € |0, co) by the finite
one, the operator [D® + S®| by [D® + S*"], and also from the error of order
O(4k*) originating from the approximation of operator $*™ by Simpson’s rule. In [9]
a numerical analysis of the error o(K,) and the choice of the step 4k of quadrature
formulae is described. It is also necessary to take into account the error o(R,,) due to
the change of the boundary conditions (1.5) to (2.3). It is known [25] that for the
change of D® to D®~, as R, — oo we have the convergence of solutions of regular
problems (4.1), however, the rate of convergence is determined by operator properties
D™, This analysis is a difficult problem. Therefore, the dependence of the error on R,,
is analysed numerically. The boundary point R,, is chosen from the dependence
€ = &(R,,) obtained numerically. As follows from Table II, to calculate energy levels
of mesic molecules with an accuracy of 0.1 eV, it is sufficient to put R, = 20. Note
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TABLE 11
Dependence of the Energy Level—e,, on R,

pdu ddu
R, J=6=0 J=0=1
20 221.516 1.393
40 221.520 1.908
60 221.520 1.906

Note. The ¢,, are given in eV and R, in the
units of the problem. The energy levels are
calculated for N =84 for the pdy mesic molecule
and N =131 for ddu. The calculation has been
performed by Scheme B for x(0) = x(R,,)=0.

strong dependence of & on R, for the weakly bound state J=6=1 of a mesic
molecule ddu.

The approximation parameters for the initial problem 4, 4k, R ,,, k,, are determined
so that the absolute error in the value of an energy level does not exceed 0.1 eV [9].
From the same considerations the quantity (6.1) was estimated (d, < ¢ = 10~°).

7. NUMERICAL ANALYSIS OF THE CONVERGENCE
OF THE ADIABATIC EXPANSION

Convergence of expansion (1.3) is analysed by the numerical solution of the
sequence of problems (2.2), (2.3) for different N at h, 4k, R,, k, chosen by
Scheme B. In Table I1I the dependence of the mesomolecule binding energies on the
number of solved equations of the system (2.2) is given, i.e., on the number of states
of the two-center problem considered in the expansion (1.3). The contribution of
discrete and continuous spectra of the two-center problem into the binding energy is
taken into account for given N with an accuracy of 0.1eV. The calculation was
carried out by Scheme B, since the problem (2.2), (2.3) with the potential matrix
(5.8) approximated the initial problem with a high absolute accuracy ~10~*eV, as
follows from Table IV. Note that the results obtained agree with results of [9], where
the convergence of expansion (1.3) was investigated by perturbative formulae [26].
The authors present values of energy levels of all mesic molecules and compare
adiabatic and variational |4, 5] calculations.

The above method allows for the contribution in the energy level ¢,, from omitted
states of the discrete (¥, co) spectrum and from low-lying states of the continuous
[0, ko], one of the two-center problems [27]. Values do not exceed ~0.1 eV for deep
and ~0.05 eV for weakly bound states.
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TABLE 111

Dependence of the Energy Level ¢;4 on the Number of Equations Solved N

Number of pdu(J=6=0) Number ddu(J=606=1)
Pairs of of
Equations N —e, dey=¢y—¢&y_, Equations —&y  dey =6y —Ep_,

States of the 1 215.680 1 0.640
discrete spectrum 3 218.598 2918 4 1.392 0.752
of the two- 6 219.114 0.516 8 1.522 0.130
center problem 9 219.302 0.188 12 1.562 0.040
States of 27 220.140 0.838 30 1.678 0.117
continuous 49 221.227 1.087 52 1.769 0.090
spectrum 71 221.447 0.260 74 1.812 0.043
of the 84 221.520 0.033 87 1.824 0.012
two-center 109 1.881 0.057
problem 131 1.906 0.025

Note. The values of ¢, are given in eV for a different number of equations in the system (2.2). N
corresponds to a successive filling of states three shells n=n, + n, + m + 1, and partially in the fourth
shell n =4 (the states n= |n,n,m] = [300], {210], [120]) of the discrete spectrum, and in six shells of
the continuous spectrum [n,m] = [00], [10], [20], [30], [61], [11] of the two-center problem. N differs
for 7=0 and #=1, since at J=1 the eigenvalue is contributed by the matrix elements Uij(R) Jj=
{{gimeml 1) with m = 1. The calculation has been performed for the zero boundary conditions x(0) =

x(R,)=0 at R,, = 60 by Scheme B.

TABLE IV
Energy Levels €, of Mesic Molecules pdy and ddu

Quantum Numbers Binding Energy —¢,, (eV)
Mesic
Molecules J 6 Scheme A Scheme B
ddu 0 0 325.046 325.043
0 1 35.808 35.813
1 0 226.605 226.607
1 1 1.392 1.393¢
2 0 86.314 86.324
pdu 0 0 221.515 221.516
1 0 97.357 97.399

Note. For the calculations we have used the following values of particle masses (in the units of
electron mass) and the value of Ry [29]: m,=206.769, M,=1836.152, M,=3670.481,
Ry=13.6058¢V. The ¢,, are presented with three numbers after the decimal in order to compare
Schemes A and B though the absolute accuracy of calculations is about 0.1 eV and for a weakly coupled
level ddu (J=8=1) is about 0.05¢V. The calculation has been performed for x(0)=x(R,)=0,
R, =20, N =84 for pdu, and N = 131 for ddu.

At R, =60, ¢,,=—1.906 eV.
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CONCLUSION

Numerical methods for solving a local Sturm-Liouville problem for a system of
integrodifferential equations are presented. These methods calculate energy levels and
wave functions of u-mesic molecules of hydrogen isotopes in the adiabatic represen-
tation.

The absolute accuracy of the calculation of energy levels is about 0.1 eV and can
be increased when the system of equations is extended by choosing R,, and k,, and by
increasing the accuracy of the finite-difference scheme. Possible ways to increase
accuracy are also suggested [28].
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